Introduction
Let p be a positive integer such that p = ∞. The m-dimensional Euclidean space R m is a Banach space l To exclude trivial cases, we assume that n ≥ m ≥ 2 and p = q. It is known [22, Theorem 1.1] that if p, q = ∞ and an isometric embedding from l m p to l n q exists, then p = 2 and q is an even integer. Throughout this paper we only consider the case where p = 2 and q is even, and fix the notations p, q, m, n.
Isometric embeddings are closely related to a representation of (
q/2 as a sum of qth powers of linear forms with positive real coefficients. Such representations originally stem from a work of Hilbert on Waring's problem [16] , and therefore called Hilbert identities [25] . Hilbert solved Waring's problem, showing on the way that there exist isometric embeddings l m 2 → l n q with n depending on m and q. Several alternative proofs of Hilbert's theorem are known; for example, see [6] , [7] and the references therein. But most of them, including the original by Hilbert, involve non-constructive arguments in analysis, and do not give any explicit constructions of embeddings 1 . Thus publications with explicit embeddings continued to appear. Isometric embeddings are also related to a certain object in numerical analysis.
Let Ω be a subset of R m on which a normalized measure µ is defined. A finite subset X of Ω with a positive weight w is called a cubature formula of index q if Ω f (x)µ(dx) = x∈X w(x)f (x) (1.1) for every f ∈ Hom q (Ω), where Hom q (Ω) is the space of all homogeneous polynomials of degree q restricted to Ω. Lyubich and Vaserstein [22] and Reznick [27] proved the equivalence between an embedding l m 2 → l n q and an n-point cubature of index q for the surface measure ρ on the (m − 1)-dimensional unit sphere S m−1 . Many papers are devoted to the construction of spherical cubature formulae. There are two classical approaches: One uses orbits of finite subgroups of the orthogonal group O(m) acting on S m−1 [33] , and the other takes "product" of several lower-dimensional cubature [34] . Cubature formulae that are studied in the context of numerical analysis and related areas, are often of degree type. Victoir [35] developed a novel technique to construct degree-type cubature for integrals with special symmetry. His idea is as follows: Given a cubature formula invariant under the Weyl group of Lie type B, one eliminates some specified points of the formula by using combinatorial objects such as t-designs and orthogonal arrays. With this method, Victoir found many cubature of small degrees with few points in general dimensional spaces. This paper has several important aims. First, we generalize the Victoir method with a special class of block designs, called regular t-wise balanced designs. The concept of regular t-wise balanced designs has been substantiated by applications in statistics [8, 10, 18] , however, it seems that there is insufficient evidence to support it from other mathematical aspects. To find a new meaning of this concept, as well as to let it know researchers in many areas of mathematics are both important aims of this paper. On the other hand, Bajnok [1, Theorem 3] proved that Euclidean designs, a generalization of spherical cubature, that are invariant under the Weyl group of Lie type B have degree at most 7. We further discuss the Bajnok theorem both from a combinatorial and analytic point of view. This paper is organized as follows. In Section 2 we review some basic facts and notions, and explain the Victoir method in detail. In Section 3 we generalize the Victoir method with regular t-wise balanced designs. In Section 4, we give generaldimensional index-four and -six cubature, together with some extra examples of index-six cubature that improve Shatalov's table [32, Theorem 4.7.20] of isometric embeddings l m 2 → l n 6 . In Section 5, we generalize the Bajnok theorem for all finite irreducible reflection groups, and thereby classify spherical cubature with a certain geometric meaning. In Section 6, some of the cubature constructed in Sections 4 and 5 are translated into Hilbert identities, in order to improve classical identities as such by Schur [6] and Reznick [27] . An extremely short proof of the Bajnok theorem is given in terms of Hilbert identities. [22] and Reznick [27] observed a close relationship between Hilbert identities, isometric embeddings, and spherical cubature formulae.
Theorem 2.1. The following are equivalent. (i) There exists a cubature formula of index q on S m−1 with n points; (ii) There exists an isometric embedding l m 2 → l n q ; (iii) There exist n vectors r 1 , . . . , r n ∈ R m such that for any
x, r i q .
We explain Theorem 2.1 in detail for further arguments in the following sections. Assume that points x 1 , . . . , x n ∈ S m−1 and weights w 1 , . . . , w n form a cubature of index q on S m−1 . Let x, y q ∈ Hom q (R m ), where ·, · denotes the usual inner product. Then
where
This is, equivalently,
where r i = q w i /c q x i . This polynomial identity is further transformed as follows:
x, r i q 1 q , which implies that the mapping
is an isometric embedding l m 2 → l n q . By the early fundamental works of Hilbert [16] , there is a positive integer N (m, q) such that for any n ≥ N (m, q) an isometric embedding l m 2 → l n q exists. It is known (cf. [27] ) that
The lower-and upper-bound part of (2.1) mean the dimension of Hom q/2 (R m ) and Hom q (R m ) respectively.
Cubature formulae.
Let Ω ⊂ R m , and µ be a normalized measure on Ω such that Ω, µ are both invariant under the group O(m). We assume that polynomials are integrable up to sufficiently large degrees for
Let X be a finite set in R m with a positive weight w. The pair (X, w) is called a cubature formula of degree q for I if
for every f ∈ P q (Ω), where P q (Ω) denotes the space of all polynomials of degree at most q restricted to Ω. In particular, a spherical cubature is called a spherical design if w is a constant weight.
A subset X of R m is said to be antipodal if it is partitioned intoX, −X, namely, X =X∪(−X) andX∩(−X) = ∅. A cubature formula (X, w) is centrally symmetric if X is antipodal and w(x) = w(−x) for any x ∈ X. The following mentions the relationship among degree-type and index-type spherical cubature.
Proposition 2.2. ([22, Proposition 4.3]).
Let X be an antipodal finite subset of S m−1 . Then X is a centrally symmetric cubature formula on S m−1 of degree q + 1 with 2n points iffX is a cubature formula on S m−1 of index q with n points.
We are interested in the following type of integrals:
where W is a density function on R m . Such integrals are often considered in the context of analysis; for example see [37] . Proposition 2.3. If points x 1 , . . . , x n and weights w 1 , . . . , w n form a cubature formula of index q for (2.2), then the points x i / x i 2 and the weights Proof. The result follows by observing that for any f ∈ Hom q (R m ),
Remark 2.4. By Proposition 2.3, in order to construct spherical cubature, we may find cubature for any integral of the form (2.2). For example, one may think of Gaussian integrals. Such cubature formulae are of particular interest in probability theory [21] and algebraic combinatorics [2] . Moreover, the m-dimensional Gaussian integral can be represented simply as the m-fold product of one-dimensional Gaussian integrals, which is convenient for explaining Victoir's method.
The following proposition is often used in Sections 3 and 4.
Proposition 2.5. Let X be an antipodal finite subset of R m . Letw, w be weight functions onX, X, respectively, such that for any x ∈X, w(x) = w(−x) = 2w(x). Then (X,w) is a cubature formula of index q for (2.2) if and only if (X, w) is a centrally symmetric cubature of index q for (2.2).
2.3. The Sobolev theorem. Let G be a finite subgroup of O(m), and f ∈ P t (R m ). We define the action of σ ∈ G on f as follows:
A polynomial f is said to be G-invariant if σf = f for every σ ∈ G. We denote the set of G-invariant polynomials in
respectively, where Harm t (R m ) is the subspace of P t (R m ) of harmonic homogeneous polynomials of degree t.
A cubature formula is said to be G-invariant if the domain and measure of the integral are invariant under G, the points are a union of G-orbits z 
Theorem 2.6 is known as the Sobolev theorem, which is at the core of the Victoir method, as seen in the next subsection.
The concept of Euclidean designs was introduced by Neumaier and Seidel [23] as a generalization of spherical cubature. Let X be a finite set in R m , and
be the sphere of radius r i centered at the origin, and 
for every polynomial f ∈ P t (S).
As readily seen by the definition, Euclidean designs can be viewed as cubature formulae on multiple concentric spheres.
The following is a variation of the Sobolev theorem for Euclidean designs, which generalizes the familiar theorem of Neumaier and Seidel [23] .
m−1 and r k > 0. Then the following are equivalent:
Hereafter let G be an irreducible reflection group in R m . Such groups are completely classified [4] .
Theorem 2.9 ( [9] ). Let G be a finite irreducible reflection group. Let
In particular, for any x ∈ R m , the orbit x G is a spherical d 2 -design in S m−1 .
Let α 1 , . . . , α m be the fundamental roots of a reflection group G. The corner vectors v 1 , . . . , v m are defined by v i ⊥ α j if and only if i = j. We may assume that v k 2 = 1. We consider the set
where J ⊂ {1, 2, . . . , m} and r k > 0. Let R denote the set of r k . Similar results are known for the groups A m−1 , D m [24] . In Section 5, we generalize these results, and determine the maximum degree of invariant Euclidean designs for all irreducible reflection groups.
The Victoir method.
2.4.1. Combinatorial tools. Let K be a set of positive integers k 1 , . . . , k ℓ . A pair of v elements V , and subsets B of V of cardinalities from K is called a t-wise balanced design, denoted by t-(v, K, λ), if every t elements of V occur exactly λ times in B. Elements of V and B are called points and blocks. In particular if K is a singleton, say K = {k}, a t-wise balanced design is called a t-design, and is denoted by t-(v, k, λ). In this paper we only consider designs without repeated blocks.
It is well known (cf. [19] ) that for 0 ≤ t ′ ≤ t and a subset T ′ ⊂ V of t ′ elements, the number of blocks of a t-(v, k, λ) design containing T ′ is given as
, not depending on the choice of T ′ . For each 0 ≤ t ′ ≤ t, a t-design is also a t ′ -design. In general t-wise balanced designs do not necessarily have this property; see Section 3 for the detail.
Let (V, B) be a t-wise balanced design with v points and b blocks. An incidence matrix M of the design (V, B) is a v × b zero-one matrix which has a row for each point and a column for each block, and for x ∈ V and B ∈ B, (x, B)-entry takes 1 iff x ∈ B. Given real numbers α, β, let v l (α, β) be a v-dimensional vector such that the first l coordinates are α and the remaining v − l coordinates are β.
Bv means the vertices of a generalized hyperoctahedron that is inscribed in the (v − 1)-dimensional sphere of radius √ lα 2 [1] . To the matrix M , we associate a generalized incidence matrix with parameters α, β by defining An N × l matrix with entries ±1 is called an orthogonal array with strength t, constraints l and index λ, if in every t columns, each of the 2 t ordered combinations of elements ±1 appears in exactly λ rows. We denote this by OA(N, l, 2, t). We do not put λ in the notation, since λ = N/2 t by the definition. When l ≤ t, we allow trivial OA, namely, the 2 l × l matrix such that every 2 l ordered combinations of elements ±1 appears in exactly one row. We denote by I the Gaussian integral
This is equivalent to the integralÍ on the first orthant R
Proposition 2.11. (cf. [35, 38] generate a cubature of degree q for I.
The following theorem is due to Victoir [35, Subsection 4.4] .
Theorem 2.12. (i) Assume that there exist a cubature formula of degree q/2 foŕ I of the formÍ
and a q/2-design with m points and b blocks of size k. Let X be the columns of a generalized incidence matrix with parameters α, β. Then,
is a cubature formula of degree q/2.
(ii) Assume that there exist anĹ-invariant cubature formula of degree q for I of the form
and OA(|X i |, wt(x i ), 2, q) with rows X i for i = 1, . . . , M . Then,
is a cubature formula of degree q.
The Victoir method was originally written in a more general setting. For example, the integrals considered there are not restricted to Gaussian integrals. In this paper, however, we took only Gaussian integrals since Victoir's ideas can be fully understood with Gaussian integrals.
Generalizing the Victoir method
In this section we generalize the Victoir method with a strengthening of the concept of t-wise balanced designs. We use the notations B m , L,Ĺ, I,Í, v i (·, ·), wt(·) that are defined in Subsection 2.4.
A t-wise balanced design (V, B) is said to be regular if for each 0 ≤ t ′ ≤ t and each t ′ -subset T ′ of V , the number of blocks containing T ′ does not depend on the choice of T ′ [8] . As noted in Subsection 2.4, any t-design possesses this property, but t-wise balanced designs do not always so. When t = 2, this concept is equivalent to that of equireplicate 2-wise balanced designs [10] .
Let B be the set of blocks of a regular t-(v, K, λ) design, where
m with wt(y i ) = k i , and y K = {y 1 , . . . , y f }. We define the following discrete measure:
Proposition 3.1. Assume that there exists a regular t-(m,
. Let X be the columns of a generalized incidence matrix with parameters α, β with α = β. Let y 1 , . . . , y f ∈ X such that wt(
, there is no loss of generality in assuming α = 1, β = 0. Then for any e 1 , . . . , e m ≥ 0,
Permuting the rows of an incidence matrix also gives another t-wise balanced design with the same parameters m, k 1 , . . . , k f , λ. Thus it suffices to show that
To do this, we count the pairs (T ′ , B) ∈ V t ′ × B, T ′ ⊂ B in two ways:
where the regularity is used to show the first equality. Thus, for
This is further transformed to
Remark 3.2. In a combinatorial framework (cf. [31] ), some researchers regard twise balanced designs as cubature on "discrete spheres". However, among them, there are only a few publications where the regularity of designs is mentioned. Victoir seems to be the first who employed combinatorial t-designs to reduce the size of cubature for ordinary continuous integrals.
The following generalizes Theorem 2.12 (i) and motivates the study of regular t-wise balanced designs both in a combinatorial and analytic manner. Theorem 3.3. Assume that there exists a regular q/2-wise balanced design with m points and b i blocks of size k i , i = 1, . . . , e. Moreover assume that there exists a cubature formula of degree q/2 (or index q/2) forÍ of the forḿ
where b is the total number of blocks of the design and c is a positive number. Let X be the columns of a generalized incidence matrix with parameters α, β. Theń
is a cubature formula of degree q/2 (or index q/2).
The following proposition is often used in Section 4.
Proposition 3.4. Assume there exists a t-(v, k, λ) design. Then the following hold:
blocks of size k − 1 and
blocks of size k.
(ii) Let X be the columns of an incidence matrix of the design given in (i), and
Proof. (i) Let (V, B) be a t-(v, k, λ) design, and x ∈ V . We consider the incidence structure (V ′ , B ′ ), where
Then (V ′ , B ′ ) is a regular t-wise balanced design with parameters determined by (2.4). (ii) The assertion follows by (i) and Proposition 3.1.
We close this section with some remarks on regular t-wise balanced designs. First, as far as the authors know, there are only a few general results on the existence of regular t-wise balanced designs for t ≥ 3. Some examples are known, most of which are obtained by trivial ways as Proposition 3.4 (i). The second author and Reinhard Laue searched for regular 3-, 4-and 5-wise balanced designs with Discreta, a sophisticated program to compute designs, and found many designs with small parameters, some of which are summarized in Table 1 . We believe that there will P ΓL(2, 32) 5-(55, {6, 5}, 5) C 2 × P ΓL (2, 27) be further nontrivial regular t-wise balanced designs. However, in this paper, such thorough discussions are omitted and left for future work.
A natural problem is to find a good bound for the number of blocks of a t-wise balanced design. Ziqing Xiang, a student of Eiichi Bannai, recently derived the Fisher-type bound for regular t-wise balanced designs. Namely, he showed that if there is a regular 2e-wise balanced design (V, B) with f distinct sizes of blocks, then
This bound is sharp when t = 2 and f = 2, by a result of Woodal [36] . Moreover, when t = 4 and f = 2, a tight example can be constructed from the ordinary tight 4-design which corresponds to the Johnson scheme. Without regularity, no good bounds seem to be known 2 .
Cubature arising from Victoir's method and its generalization
In this section many cubature formulas are constructed by Victoir's method and its generalization formulated in Section 3.
4.1. Index-four cubature. There are many publications on the existence of indexfour cubature in small dimensional spaces that are not minimal but have few points; see, e.g., [26] , [34] . In general dimensional cases, however, it seems that explicit constructions of good cubature are not enough known 3 . Therefore the following theorem by Shatalov [32] [20] . Family (4.1) improves the upper-bound part of (2.1) if s is fixed and m is sufficiently large, or s = 1, 2. A similar conclusion holds for (4.2).
Cubature formulae in general-dimensional spaces that improve Shatalov's families are constructed. 
Then there is an integer n with 2 ℓ−1 + m < n ≤ 2 ℓ + m for which an index-four cubature with n points on S m−1 exists.
Then there is an integer n with 2 ℓ−1 m < n ≤ 2 ℓ m for which an index-four cubature with n points on S m−1 exists.
The following lemma is employed, where the proof is easy and so omitted.
Lemma 4.4.
The following is an m-dimensional index-two cubature forÍ.
(ii) For m ≡ 1 (mod 3),
More B m -invariant cubature can be obtained systematically by using [20] ). The BCH OA is also centrally symmetric since it is linear. The result follows by Propositions 2.3 and 3.4.
(ii) The existence of a 2-(m, (m+2)/3, (m+2)/9) design with m blocks is known [17] .
More general-dimensional index-four cubature with O(m 2 ) or O(m 3 ) points can be obtained by using suitable OA, 2-designs, and regular pairwise balanced designs. in Theorem 4.3 (i), the underlying OA is the Kerdock OA and no two distinct rows coincide. So, the constructed cubature has exactly 2 4l−1 + 2 2l points, which is equivalent to König's family. (iii) By Proposition 2.11 the L-invariant formula of Lemma 4.4 (i) is equivalent to the degree-five cubature of Stroud [34] . Moreover the formula (ii) corresponds to Kürschák's identity in number theory; see Section 6.
4.2.
Index-six cubature. Shatalov [32, Theorem 4.7.20] compiled known indexsix cubature with few points in small-dimensional spheres as Table 2 (strictly speaking, a part of the original). Nos. 1, 2, 4 are respectively in [27] , [11] , [9] 4 . Nos. 3, 5 Table 2 had not been updated so far, and the existence of general-dimensional index-six cubature with few points is not fully known Two families of general-dimensional cubature that improve the upper-bound part of (2.1) are given. 
(ii) For m ≡ 1 (mod 6) and 7 ≤ m,
Proof of Theorem 4.6. First we consider the case where m = Q + 1. There exists a 3-(Q + 1, (Q + 11)/6, (Q + 5)(Q + 11)/72) (cf. [19] ), which has 3Q(Q + 1) blocks by (2.4). By Theorem 2.12 (i) and Lemma 4.7 (i), we obtain an index-three cubature forÍ with 1+(Q+1)+3Q(Q+1) points. By Proposition 2.11, this is equivalent to ań L-invariant cubature with 2 Q+1 +2(Q+1)+2 (Q+11)/6 ·3Q(Q+1) points. By applying Theorem 2.12 (ii) to an OA(2 6l−1 , Q+1, 2, 7) and an OA(2 6l−1 , (Q+11)/6, 2, 7) that are subarrays of the dual OA(2 6l−1 , 2 2l , 2, 7) of the Delsarte-Goethals code (cf. [15, p. 103]), we obtain an index-six formula for I with at most 2 6l−1 · (1 + 3Q(Q + 1)) + 2(Q + 1) points. Note that the OA(2 6l−1 , 2 2l , 2, 7) has central symmetry. In fact, the Delsarte-Goethals code can be constructed by applying the Gray-code mapping 0 → 00, 1 → 01, 2 → 11, 3 → 10 to linear, cyclic codes over Z 4 . Replacing 0, 1 ∈ F 2 by ±1 implies the central symmetry of the OA. The result thus follows by Propositions 3.4 and 2.3. Similar arguments work when m = Q; replace the above L-invariant formula by that of Lemma 4.7 (ii). By Proposition 3.4 (ii) the above 3-design can be reduced to a regular 3-wise balanced design with Q points and 3Q(Q + 1) blocks. By Theorem 3.3 we obtain an index-three cubature forÍ with 1 + 3Q(Q + 1) + Q points. Then the assertion follows by the same argument as in the case m = Q + 1.
Remark 4.8. The family of Theorem 4.6 has O(m 5 ) points, improving the upperbound part of (2.1). More general-dimensional index-six cubature with O(m 5 ) points may be obtained by using known infinite families of 3-designs [19] .
Two more interesting cubature are given.
Example 4.9. The following is a 7-dimensional index-three cubature forÍ:
x). (4.3)
A 3-(8, 4, 1) design exists (cf. [19] ), and so does a regular 3-(7, {4, 3}, 1) design with 7 blocks of sizes 4 and 3 according to Proposition 3.4 (i). Let X be the columns of an incidence matrix of the 3-wise balanced design. By Proposition 3.4 (ii),
for every f ∈ P 3 . Hence, by (4.3), (4.4), and Proposition 2.11, the following index-six cubature for I is obtained.
where X 1 = {x ∈ X | wt(x) = 4}, X 2 = {x ∈ X | wt(x) = 3}. This is reduced to a 91-point formula of index 6 on S 6 by Propositions 2.3 and 3.4.
Example 4.10. The following is a 9-dimensional index-three cubature forÍ:
The existence of a 3-(10, 4, 1) design (cf. [19] ) implies that of a regular 3-(9, {4, 3}, 1) design with 12 blocks of size 3 and 18 blocks of size 4. By the same way as in Example 4.9, a 457-point formula on S 8 is obtained. Table 2 implies that N (7, 6) ≤ 113. Example 4.9 improves this to (4.6) N (7, 6) ≤ 91.
The lower-bound part of (2.1) shows 84 ≤ N (7, 6). The authors do not know the existence of cubature with fewer points than the 91-point formula on S 6 . It is also noted that spherical 84-point index-six cubature on S 6 do not exist by Theorem 1 of [3] . (ii) The formula No. 7 of Table 2 implies that N (9, 6) ≤ 480. Example 4.10 improves this to (4.7) N (9, 6) ≤ 457.
The fundamental roots of the group B m are α i = e i − e i+1 for i = 1, . . . , m − 1, and α m = √ 2e m , where e 1 , . . . , e m are the standard basis vectors in R m [4] . The corner vectors are
We note that all B m -invariant cubature of indices 4, 6 given in Section 4 consist of the orbits of the corner vectors. By Bajnok's theorem, in order to find higher-index spherical cubature, we must take at least one orbits of points which are not corner vectors; see, e.g., [29] for a simple construction of higher-index cubature on spheres.
A strengthening of Bajnok's theorem is proved in the next section.
The maximum strength of invariant Euclidean designs
We use the notations R, J, α i , v i , and X (G, J) that are defined in Subsection 2.3. The aim of this section is to prove the following theorem.
Theorem 5.1. Let G be a finite irreducible reflection group in R m with m ≥ 2. Then there is no choice of R, J, and a weight w for which (X (G, J), w) is a Euclidean t-design of R m in the following cases:
The following lemma plays an important role to prove the theorem.
Lemma 5.2. Let G be a subgroup of O(m), and X = {x 1 , . . . , x M } be a subset of
V i such that all entries of v are positive. Then there is no choice of radii r i and a weight w for which (
where 
for an m-variable polynomial f , where S m is the symmetric group of m elements.
The polynomials h i in the following subsections are harmonic. 3. Degree 12. 
Group
Corner Vectors
G-invariant harmonic polynomials
For i = 6, 10, 12, Harm i (R 3 ) H3 is spanned by the following: 1. Degree 6.
2. Degree 10. 
].
2. Degree 10.
3. Degree 12. ].
Proposition 5.5. There is no choice of R, J, and w for which (X (H 3 , J), w) is a Euclidean 12-design.
Proof. There is u ∈ Span R {u 6 , u 10 , u 12 } all whose entries are positive, since the vectors u 6 , u 10 , u 12 are linearly independent. The result follows by Lemma 5.2. 
.
Size of Orbit N 1 = 120, N 2 = 720, N 3 = 1200, N 4 = 600. 
Size of Orbit N 1 = 27, N 2 = 216, N 3 = 720, N 4 = 216, N 5 = 27, N 6 = 72. Harmonic Molien series
G-invariant harmonic polynomials
For i = 5, 6, 8, 9, 10, Harm i (R 6 ) E6 is spanned by the following: 1. Degree 5. 4. Degree 9.
5. Degree 10. Harmonic Molien series
Hilbert identities and cubature formulae
As explained in Section 2, there is a cubature of index q on S m−1 with n points if and only if there are n vectors r 1 , . . . , r n ∈ R m such that
for every x ∈ R m . Identity (6.1) yields a representation of (
q/2 as a sum of qth powers of real linear forms with positive real coefficients. Such a representation is called a Hilbert identity [25] . Various aesthetic meanings of Hilbert identities are extensively discussed in a famous paper by Reznick [27] .
Many Hilbert identities can be obtained by the cubature that are constructed in Sections 4 and 5. In particular, some of the resulting identities are represented as a sum of qth powers of rational linear forms with positive rational coefficients. Such rational representations were used not only in studying Waring's problem [6, pp. 717-725] , but also in the work of Schmid on real holomorphy rings [30] . An aesthetic meaning of rational representations would be stated as follows
5
: We would take all coefficients {a i } which appear in a formula, and consider the field created by adjoining them, and then look at its dimension [Q({a i }) : Q]. With this measure, the "best formulas" would only involve rationals, and the minimum value occurs if the coefficients are already in Q.
It is well known (it goes back to Hilbert [16] ) that (6.2)
This is certainly a rational number. All cubature given in Section 4 have rational weights, and points from orbits of the form (
Bm with rational a. Thus, by Proposition 2.3, we can obtain many rational representations.
For example, the 91-point cubature of Example 4.9 is translated into the following rational representation that Reznick [27] was not able to find. Theorem 6.1.
120(
where on the right the indices are taken as cyclic modulo 7 and all possible combinations of signs occur in the summation. 
where on the right all possible combinations of signs and pairs of the 7 variables x 1 , . . . , x 7 occur in the second summation. Identity (6.3) improves Reznick's representation. Namely, (6.3) has fewer number of sixth powers than (6.4).
More rational representations are available. For example, look at the following Kürschák's representation:
where on the right all possible combinations of signs and (k + 1)-subsets of the 3k + 1 variables x 1 , . . . , x 3k+1 occur [6, p. 723] . This corresponds to the cubature of Lemma 4.4 (ii), which is, by Theorem 4.3, reduced to many rational representations involving much fewer number of fourth powers. We give one more interesting Hilbert identity, though it is not always rational. Proof. Take a = 1/120 in (6.5).
Remark 6.5. Some classical identities as such by Lucus (1876) and Liouville (1859), are often picked up for an introduction in the study of Hilbert identities [6] . It is well known (see, e.g., [14, 27] ) that Liouville's and Lucas's identities are closely related by a linear change and provide essentially the same cubature on (2x i ± x j ± x k ) 8 + 60
is also well known [6, p. 721] . It is interesting to note that Hurwitz's and Schur's identities are the same in terms of spherical cubature, i.e., the corresponding formulae have the same weights and points. In [14, 27] , this observation is not remarked, though the relation between Liouville's and Lucas's identities is mentioned.
The story so far implies how powerful the cubature approach is to construct Hilbert identities. In turn, we look at an advantage of translating spherical cubature into Hilbert identities. 4 . But it is (2 : 5) in any form (a 1 x 1 + · · · + a n x n ) 8 with a i ∈ {0, ±1}, 0 / ∈ {a 1 , a 2 }.
Corollary 6.7. Let m ≥ 2 and G be a subgroup of B m . Then there exists no G-invariant Euclidean 8-design of R m that consists of the orbits of the form (1, . . . , 1, 0, . . . , 0) G .
Proof. Restricting (2.3) to homogeneous polynomials of degree 8 implies the existence of a cubature of index 8 on S m−1 , by suitably rescaling points and weights. The result then follows by Theorem 6.6.
A variation of Corollary 6.7 holds for all irreducible reflection groups. Namely, Theorem 5.1 can be proved even if each irreducible reflection group is replaced by its subgroups. and seems to be involved. Whereas, the present proof is short, and simple for it uses only elementary counting techniques. The Bajnok theorem is well known in algebra and combinatorics, however, is not fully recognized in numerical analysis, though it can be used to determine the maximum degree of a symmetric cubature on the simplex [38] which is traditionally studied in the context of numerical analysis 6 . The authors expect that the new proof will make researchers in many fields more familiar with the Bajnok theorem.
